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Abstract
Even if the Higgs field does not affect the evolution of the background geometry, its
massive inhomogeneities induce large-scale gauge fields whose energy density depends on the
slow-roll parameters, on the effective scalar mass and, last but not least, on the dimensionless
coupling to the space-time curvature. Since the non-Abelian gauge modes are screened, the
non-minimal coupling to gravity predominantly affects the evolution of the hypercharge and
electromagnetic fields. While in the case of minimal coupling the obtained constraints are
immaterial, as soon as the coupling increases beyond one fourth the produced fields become
overcritical. We chart the whole parameter space of this qualitatively new set of bounds.
Whenever the limits on the curvature coupling are enforced, the magnetic field may still be
partially relevant for large-scale magnetogenesis and exceed 10−20 G for the benchmark scale
of the protogalactic collapse.
1Electronic address: massimo.giovannini@cern.ch
ar
X
iv
:1
61
0.
07
97
7v
2 
 [a
str
o-
ph
.C
O]
  6
 A
pr
 20
17
1 Introduction
According to the current evidence firstly established by the WMAP experiment [1], the
observed temperature and polarization anisotropies are consistent with the theoretical ex-
pectations iff the initial conditions of the Einstein-Boltzmann hierarchy are predominantly
adiabatic and Gaussian (see also [2, 3]). Every deviation from this concordance paradigm
leads to entropic initial data (see e.g.[4]). When the Cosmic Microwave Background (CMB)
experiments are combined with the two remaining sets of cosmological observations [5, 6] the
parameters describing the large-scale curvature modes (e.g. spectral index, normalization
amplitude, tensor to scalar ratio) are slightly (but not crucially) affected. The adiabatic lore
is then compatible with a minute tensor to scalar ratio rT provided some kind of plateau-
like potential dominates, even before the onset of the inflationary stage, against the kinetic
energy of the inflaton and against the spatial curvature [2].
Even assuming that the energy density of the Higgs field with typical massO(125) GeV [7]
is always subdominant during the conventional inflationary evolution [8], the inhomogeneities
of any spectator field are amplified during inflation and contribute, ultimately, to the total
curvature budget. When the inflationary curvature scale2 He is much smaller than 10
−6MP
[9] nearly all the curvature perturbations observed in the microwave sky might plausibly come
from the quasi-flat spectrum of the Higgs field. While general arguments suggest that the
inflationary rate could be lowered between 10−12MP and 10−7MP (see for instance [9]), this
possibility does not apply to the specific case of the Higgs. The lower bound on the expansion
rate (i.e. He ≥ 10−12MP ) depends actually on the form of the post-inflationary potential.
If the quartic term dominates the potential after inflation the corresponding energy density
evolves in average as a−4 [10] where a denotes the scale factor of a Friedmann-Robertson-
Walker metric3. Consequently, if the Universe reheats suddenly after the end of inflation the
Higgs energy density will be negligible. Similarly the Higgs inhomogeneities will be much
smaller than the observed value of large-scale curvature perturbations [11].
The conclusion of the previous paragraph is not specific to the Higgs but it depends on
the shape of the potential and on the post-inflationary dynamics of the radiation plasma.
If the evolution after inflation is instead dominated by a fluid with equation of state stiffer
than radiation the ratio of the Higgs field to the background can potentially increase and
the induced curvature inhomogeneities might get larger. Unconventional post-inflationary
evolutions of this type have been discussed long ago [9] (see also [12] for the gravitational
waves produced in this context). The inflationary fluctuations of the Higgs field might also
modulate the reheating process [13]. However, since it is reasonable to expect that the
Higgs will decay before becoming dominant, the induced curvature inhomogeneities could be
2The following notations for the Planck mass will be used throughout: MP = 1/
√
8piG = MP /
√
8pi where
MP = 1.22× 1019 GeV.
3In the present paper the background metric will always be considered conformally flat and denoted by
gµν = a
2(τ) ηµν where ηµν is the Minkowski metric and a(τ) is the scale factor typically expressed as a
function of the conformal time coordinate.
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excessively non-Gaussian, as implied by general arguments related to the dynamics of the
spectator fields [9]. This last class of scenarios turns out to be strongly constrained by the
observational limits on non-Gaussianities [1, 2].
An explicit (non-minimal) coupling to the curvature may lead to a significant production
of Higgs particles [14] which have been taken to be massless both during inflation and in the
subsequent radiation-dominated phase (see also [15] for earlier discussions on this issue). The
contribution of the Higgs mass can be safely neglected all along the inflationary phase but
it becomes important during the radiation epoch. Another potential limitation involves the
gauge fields. It is well established that the evolution of the inhomogeneities of the spectator
fields amplifies the gauge fields [16, 17]. It is then interesting to include the coupling of
the Higgs to gravity and to compute the induced large-scale magnetic fields. Qualitatively
new bounds on the coupling of the Higgs to the space-time curvature will emerge from these
considerations. In specific corners of the parameter space the produced gauge fields will turn
out to be phenomenologically relevant (for an introduction to the problem of magnetogenesis
see, for instance, [18]).
On a general ground, large-scale magnetic fields produced during inflation can affect var-
ious phenomena and, in particular, galactic magnetism. While the correlation scale of the
field must be sufficiently large (probably exceeding the Mpc at the onset of the rotation
of the protogalaxy), its amplitude must not jeopardize the closure bound for all the typi-
cal scales of the problem [16, 18]. The non-minimal coupling to the space-time curvature
(parametrized by the dimensionless constant ξ) increases the produced magnetic field for
comoving scales of the order of the Mpc but it might also saturate the closure bound at
smaller distance scales. It is then a quantitative issue to chart the corners of the parame-
ter space where sufficiently strong magnetic fields may seed either the galactic dynamo or
even the compressional amplification alone [18] (see also [20] for a classic treatise on these
themes). This dual analysis, to the best of our knowledge, has not been attempted before
even if there are available results in the minimally coupled case [17]. We shall show that the
more general approach of this paper is fully compatible with that previous results that can
be accurately recovered in the limit ξ → 0. Similarly the obtained limits will be immaterial
in the conformally coupled case corresponding, within the present conventions, to the value
ξ → −1/6.
In short the logic and the main purpose of the present investigation are the following.
The produced gauge fields depend, among other things, on the specific coupling of the
Higgs field to the scalar curvature. While in the case of minimal coupling (i.e. ξ = 0) the
constraints are negligible (see also [17]), as soon as the coupling increases the produced fields
may saturate and even exceed the critical density bound. The main purpose will then be to
chart the parameter space of the model with the aim of constraining the Higgs coupling to
the space-time curvature. It will also be interesting to scrutinize more closely those regions
regions where the fields are not overcritical but can still be relevant for the problem of
magnetogenesis [18]. The layout of the paper can be summarized as follows. In section 2
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we address the classical and quantum evolution of the Higgs inhomogeneities by including
the coupling to the space-time curvature. In section 3 we shall compute the production of
the massive modes and of the corresponding currents. The magnetic fields and the bounds
on the curvature coupling will be discussed in section 4. Section 5 contains the concluding
remarks.
2 Higgs inhomogeneities
The Higgs sector of the standard model action in a four-dimensional curved background can
be written as:
S =
∫
d4x
√−g
[
− R
2`2P
+ |DµHˆ|2 − V (|Hˆ|)− ξR|Hˆ|2
]
, (2.1)
where `P = 1/MP , Dµ is the SUL(2) ⊗ UY (1) covariant derivative and V (|Hˆ|) is the Higgs
potential; the non-minimal coupling has been denoted by ξ and the complex Higgs doublet
Hˆ is given in terms of four real scalar fields. In curved backgrounds the production of scalar
particles in general (and of Higgs particles in particular) can be studied with various methods
and within different approximations. The simplest approach is to disregard completely
the mass and the interactions with the gauge sector. The particles produced when ξ 6= 0
can be computed analytically and this strategy has been followed, for instance, in Ref.
[14]. Whenever ξ is sufficiently close to the conformal case it is even possible to tailor a
perturbative expansion whose small parameter is exactly the deviation of ξ from its conformal
value [21, 22, 23]. In the case of minimal coupling ξ is exactly equal to zero and the conformal
expansion is reasonably well defined (see for instance the second paper in [23] and discussion
therein).
The non-Abelian gauge fields are screened as the Universe thermalizes and this phe-
nomenon has been investigated for the first time in connection with chromo-electric and
chromo-magnetic fields at finite temperature [19]. Conversely the hypercharge fields are not
screened and remain unscreened after the electroweak phase transition [16, 17]. Since the
contribution of the Abelian fields cannot be overlooked it seems rather plausible to scruti-
nize their amplification and their potential effects. We shall then analyze the gauge fields
induced by the massive Higgs fluctuations in the framework of the Abelian-Higgs model.
While the mass does not affect the mode functions during inflation, it becomes essential
in the radiation epoch. Conversely, in the case of a spatially flat geometry (such as the
one suggested by current observations) the dimensionless parameter ξ drops out from the
evolution equations of the mode functions during radiation. This happens because the Ricci
scalar vanishes exactly on the background.
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2.1 Abelian-Higgs model during inflation
The total action of the Abelian-Higgs model non-minimally coupled to gravity can be ex-
pressed as:
S =
∫
d4x
√−g
[
− R
2`2P
+ gµν (Dµφ)∗Dνφ− V (|φ|)− ξRφ∗φ− 1
4
YαβY
αβ
]
, (2.2)
where Dµ = ∇µ + iqYµ is the U(1) covariant derivative, ∇µ is the generally covariant deriva-
tive; −YαβY αβ/4 denotes the standard kinetic term of the gauge field. To avoid potential
confusions we want to stress that φ is not the inflaton field but rather the Higgs field of the
Abelian-Higgs model. In this paper we shall study the evolution of the fluctuations of the
Higgs field in a fixed inflationary background described in terms of its slow-roll dynamics.
The evolution equations obtained from Eq. (2.2) are (see also [24]):
gαβDαDβφ+ ∂V
∂φ∗
+ ξRφ = 0, (2.3)
∇µY µν = jν − 2q2Y νφ∗φ, (2.4)
where the current appearing in Eq. (2.4) is given by:
jν = gµνjµ, jµ = iq[φ
∗∂µφ− φ∂µφ∗]. (2.5)
Equations (2.3) and (2.4) are supplemented by the Einstein equations which are not affected
by the Higgs both during and after inflation. During inflation the total energy-momentum
tensor is dominated by the contribution of the inflaton whose energy density greatly exceeds
the one of the Higgs boson. After inflation the energy density of the radiation background
will be the leading component of the energy-momentum tensor of the plasma even if dif-
ferent possibilities are not excluded by the present analysis (see, for instance, Ref. [9] and
discussion therein). As it will be clear in section 3 we shall work within the sudden reheating
approximation where the scale factor and the extrinsic curvature are continuous across the
inflationary boundary. Since the Higgs field does not dominate at any stage of the evolution
of the background it is natural to posit that ξRφ∗φ  RM2P where R denotes the back-
ground Ricci scalar. The previous requirement guarantees that the effects of the amplified
inhomogeneities on the total curvature R (i.e. background plus fluctuations) can also be
ignored. In this approach the energy density of the Higgs (or of the gauge fields) must never
exceed the critical energy density.
We consider the situation where the background gauge fields are vanishing, i.e. Y α =
Y αβ = 0 but their fluctuations can be dynamically generated thanks to the currents of the
massive Higgs inhomogeneities [17]. To lowest order the evolution equation of φ is only
affected by ξ and can be written, in general terms, as
gαβ∇α∇βφ+m2φ+ ξRφ = 0, (2.6)
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where ∇α∇β = ∂α∂β − Γµαβ∂µ and Γµαβ denotes the background Christoffel symbols. For the
sake of accuracy we mention that, within the present conventions, the Riemann tensor is
given by Rβµαν = ∂αΓ
β
µν + . . .; the Ricci tensor is defined from the contraction of the first and
third indices of the Riemann tensor, i.e. Rµν = R
α
µαν . The Ricci scalar of the background
(in the case of a conformally flat metric gµν = a
2ηµν with signature (+, −, −, −)) is then
given by R = −6a′′/a3. With these specifications, Eq. (2.6) becomes:
Φ′′ −∇2Φ− a
′′
a
Φ +m2a2Φ− 6ξ a
′′
a
Φ = 0, Φ = aφ, (2.7)
and analogously for the complex conjugate field. In Eqs. (2.6) and (2.7) m denotes the
effective mass term and does not only necessarily coincide with the the mass term of the
potential, (i.e. m0) but it can also include the contribution of the quartic term. Denoting
with v the vacuum expectation value of |φ| during inflation, whenever v  O(250) GeV, m0
can be negligible if compared with the contribution of quartic self-interaction which is of the
order of λv2.
We would like to stress that the background metric will be taken to be conformally flat.
There are various reasons for this choice: first any spatial curvature will be exponentially
suppressed during inflation; second the concordance scenario stipulates that today the con-
tribution of the spatial curvature to the energy budget of the Universe is negligible meaning
that we are, to a good approximation, rather close to the critical density. During inflation,
however, the metric fluctuations are also amplified and the interplay between the metric
fluctuations and the Higgs inhomogeneities is negligible. After inflation the Higgs inhomo-
geneities might affect the large-scale curvature inhomogeneities as it happens in the case of
spectator fields of different nature. This however, does not happen. As explained in the
introduction, the energy density of the zero mode of the Higgs field evolves like a−4. Thus
during radiation the amplified Higgs inhomogeneities will remain small and will leave unaf-
fected the temperature and polarization anisotropies of the Cosmic Microwave Background
[11].
What matters is the ratio between m and the expansion rate both during inflation and
in the subsequent radiation-dominated phase. The effective mass will then enter the (four-
dimensional) parameter space through the quantity ζ = m/(aeHe) where He is the curvature
scale at the end of inflation and ae is the scale factor at the corresponding epoch. Recall, in
this respect, that the inflationary expansion rate and the inflaton potential in Planck units
can be expressed as:(
He
MP
)
= 6.85× 10−6
(
rT
0.1
)1/2( AR
2.4× 10−9
)1/2
, (2.8)(
W
M4P
)
= 5.6× 10−12
(
rT
0.1
)( AR
2.4× 10−9
)
, (2.9)
where AR the amplitude of the scalar power spectrum at the conventional pivot wavenumber
kp = 0.002 Mpc
−1; W denotes the inflaton potential. If the consistency relations are enforced
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(as assumed in Eqs. (2.8) and (2.9)) the tensor to scalar ratio rT , the tensor spectral index
nT and the slow roll parameter  obey the following chain of equalities rT = AT/AR = 16 =
−8nT where  = −H˙/H2 is the slow-roll parameter and AT is the amplitude of the tensor
power spectrum at the same pivot scale kp used to assign the scalar power spectrum. All in
all since the value of the quartic self-interaction λ is O(10−2) we can say, with a fair degree
of confidence, that the condition m/He  1 will always be verified in practice,
Let us now conclude this discussion by mentioning that, in Fourier space, Eq. (2.7)
becomes:
Φ′′~k +
[
k2 +m2a2 − (1 + 6ξ)a
′′
a
]
Φ~k = 0. (2.10)
In terms of Φ the total (rescaled) current of Eq. (2.5) can be expressed as:
Jµ =
√−g gµν jν = i q ηµν [Φ∗∂νΦ− Φ∂νΦ∗], (2.11)
where ηµν denotes the Minkowski metric. In Eqs. (2.7) and (2.10) the cases of conformal
and minimal couplings correspond, respectively, to ξ → −1/6 and ξ → 0. Note that the
conformal coupling corresponds to ξ → +1/6 in Refs. [22, 23] where the Ricci scalar of
the background has an opposite sign due to the different conventions defining the Riemann
tensor. See also, in this respect, the discussion after Eq. (2.7).
2.2 Action for the Higgs inhomogeneities on a fixed background
From now on the attention will be focussed on the case of a conformally flat background
geometry (i.e. gµν(τ) = a
2(τ)ηµν). The action for the rescaled field Φ can be obtained from
Eq. (2.2) and the explicit result is:
S =
∫
d3x
∫
dτ
[
Φ∗ ′Φ′ +H2Φ∗Φ−H(Φ∗Φ′ + ΦΦ∗ ′)
− m2a2Φ∗Φ + 6ξ(H2 +H′)Φ∗Φ− ∂iΦ∗∂iΦ
]
, (2.12)
where H = a′/a and the prime denotes a derivation with respect to τ . For the action ex-
plicitly depends on time, non-covariant total derivatives can be added or subtracted without
affecting the evolution equations of Φ. The different results obtained in this way will lead
to slightly different Hamiltonians all related by (time-dependent) canonical transformations.
Indeed recalling the obvious relation (HΦ∗Φ)′ = H′Φ∗Φ +H(Φ∗Φ′+ ΦΦ∗ ′), each of the two
terms at the right hand side of this equation can be alternatively eliminated from Eq. (2.12).
Consequently two complementary forms of the Hamiltonian are given by:
H1(τ) =
∫
d3x
[
Π∗1Π1 + ∂iΦ
∗∂iΦ +m2a2Φ∗Φ
+ H(1 + 6ξ)(Φ∗Π∗1 + ΦΠ1) + 6ξ(6ξ + 1)H2Φ∗Φ
]
, (2.13)
H2(τ) =
∫
d3x
[
Π∗2Π2 + ∂iΦ
∗∂iΦ +m2a2Φ∗Φ− (6ξ + 1)(H2 +H′)Φ∗Φ
]
, (2.14)
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where Π1 and Π2 are defined, respectively, as Π1 = Φ
∗ ′−H(1 + 6ξ)Φ∗ and as Π2 = Φ∗ ′. The
Hamilton equations derived either from Eq. (2.13) or from Eq. (2.14) are the same since the
Hamiltonians are related by a canonical transformation. In the limit τ → −∞, Eqs. (2.13)
and (2.14) coincide, since, in this limit, Π1 ∼ Π2. If quantum-mechanical initial conditions
are assigned for τ → −∞, the state minimizing H1 will also minimize H2. On the contrary,
when initial conditions are imposed at a finite value of the conformal time coordinate the
states minimizing H1 and H2 might differ [25]. These differences are immaterial for the
problem at hand so that we shall consistently carry on the quantization (and the evaluation
of the expectation values) in terms of H2.
2.3 Quantum Hamiltonian
Promoting the classical fields to quantum operators and representing the operators in Fourier
space we can then write
Φˆ(~x, τ) =
∫ d3k
(2pi)3/2
Φˆ~k(τ) e
−i~k·~x, Πˆ(~x, τ) =
∫ d3k
(2pi)3/2
Πˆ~k(τ) e
−i~k·~x, (2.15)
so that, from Eq. (2.14), the Hamiltonian relevant to our problem becomes
Hˆ(τ) =
∫
d3k
[
Πˆ†~kΠˆ~k + ω
2
kΦˆ
†
~k
Φˆ~k − (6ξ + 1)(H2 +H′)Φˆ†~kΦˆ~k
]
, (2.16)
where ω2k(τ) = k
2 + m2a2(τ). For each mode of the field, Eq. (2.16) provides the quantum
description of the process of parametric amplification originally analyzed in the context of
quantum optics [26]. The evolution equations in the Heisenberg description can be easily
obtained from Eq. (2.16):
∂τ Φˆ~k = Πˆ
†
~k
, ∂τ Πˆ
†
~k
= −ω2kΦˆ~k + (1 + 6ξ)
a′′
a
Φˆ~k, (2.17)
and similarly for the Hermitian conjugate operators. The field operators Φˆ~k and Πˆ~k can be
expressed in terms of the creation and annihilation operators aˆ~k(τ) and bˆ~k(τ), namely
Φˆ~k =
1√
2ωk
(aˆ~k + bˆ
†
−~k), Πˆ~k = −i
√
ωk
2
(bˆ~k − aˆ†−~k). (2.18)
Where aˆ~k and bˆ~p and separately obey the standard commutation relations, namely, [aˆ~k, aˆ
†
~p] =
δ(3)(~k−~p) and [bˆ~k, bˆ†~p] = δ(3)(~k−~p). The Hermitian conjugate relations can be directly derived
from Eq. (2.18).
The quantum Hamiltonian of Eq. (2.16) could now be expressed in terms of the creation
and annihilation operators aˆ~k and bˆ~k; the result is not diagonal but it can be brought to
diagonal form by means of the following canonical transformation:
aˆ~k(τ) = uk(τ) aˆ~k(τi)− vk(τ) bˆ†−~k(τi), (2.19)
bˆ−~k(τ) = uk(τ) bˆ−~k(τi)− vk(τ) aˆ†~k(τi), (2.20)
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where |uk(τ)|2 − |vk(τ)|2 = 1. The same canonical transformation is used to derive the
ground state wavefunction of an interacting Bose gas at zero temperature [27]. In terms of
the operators aˆ~k(τi) and bˆ~k(τi) the Hamiltonian is diagonal.
When the modes of the field are inside the Hubble radius at τi (i.e. kτi  1) the vacuum
corresponds to the state |si〉 = |0a 0b〉 which is annihilated both by aˆ~k(τi) and by bˆ~k(τi). From
Eqs. (2.19) and (2.20) the average multiplicity of produced Higgs excitations per Fourier
mode at a generic time |τ |  τi is given by:
nk(τ) = 〈si|aˆ†~k(τ)aˆ~k(τ) + bˆ
†
~k
(τ)bˆ~k(τ)|si〉 = 2|vk(τ)|2. (2.21)
Equation (2.21) accounts of the number of produced excitations; the particle content of the
initial state will be disregarded since the average multiplicity of the produced quanta is
typically very large the contribution of the initial state is immaterial for the present ends; it
may be relevant to gauge the backreaction of the initial state as suggested in [25].
The evolution of uk(τ) and vk(τ) is related to the mode functions for the canonical fields
and for the canonical momenta, i.e. uk − v∗k =
√
2ωkFk and uk + v
∗
k = iGk
√
2/ωk where Fk
and Gk obey:
F ′k = Gk, G
′
k = −ω2kFk + (1 + 6ξ)(H2 +H′)Fk. (2.22)
Denoting with ρΦ the energy density of the produced inhomogeneities we also have dρΦ =
ωknkd
3k/(2pi)3 which is valid in the limit nk  1.When the background geometry expands
from the inflationary stage to the radiation epoch the effective Higgs mass gives a negligible
contribution during inflation. In the radiation phase the contribution of ξ can be totally
disregarded (since the Ricci scalar vanishes on the background) but the mass contribution
increases as m2a2 and eventually dominates the evolution of the mode functions.
3 Production of massive modes and their current
If he slow-roll parameters are constant during the quasi-de Sitter phase the connection be-
tween the conformal time coordinate and the Hubble rate is simpler, namely H = aH =
−1/[(1− )τ ]. The inflationary scale factor can then be expressed as ai(τ) = (−τ/τ1)−β for
τ < −τ1, where −τ1 marks the end of the inflationary phase and β = 1 in the case a de
Sitter phase. The scale factor of the radiation epoch hold for τ ≥ −τ1 and it is given by
ar(τ) = [βτ + (β+ 1)τ1]/τ1. The scale factors and their first derivatives with respect to τ are
continuously matched across the transition, [i.e. ar(−τ1) = ai(−τ1) and a′r(−τ1) = a′i(−τ1)]
so that the extrinsic curvature is also continuous [i.e. Hr(−τ1) = Hi(−τ1)].
Instead of constructing a continuous background by direct matching it is possible to
find an interpolating background joining the two regions. This was the strategy in various
applications of quantum field theory in curved backgrounds [22] and the same strategy has
been used recently in a similar context [14]. In the present case the interpolating background
could be, for instance
a(τ) = a1(τ +
√
τ 2 + τ 21 ). (3.1)
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For τ  −τ1 the scale factor goes as a(τ) ' (−τ1/τ) (quasi de-Sitter expansion); conversely,
if τ  τ1, a(τ) ' (τ/τ1) (radiation dominated evolution). It is clear from the analytic form
of Eq. (3.1) that for large negative times (i.e. τ  −τ1) a(τ) ' (−τ1/τ). Conversely for
τ  τ1 we will have that a(τ) ' (τ/τ1). This means that this background has the correct
asymptotic behaviour and it is compatible with a time dependent equation of state. Now
this strategy is clearly equivalent (but probably less general) than the one adopted here
where the inflationary phase is genuinely described in terms of the slow-roll parameters.
The inhomogeneities of the Higgs field will clearly be amplified also in the case of Eq. (3.1)
since what matters is that the expansion rate changes between two asymptotic regions of
the evolution of the background.
3.1 Non-minimal coupling in the mode functions
Using the explicit form of the scale factor during inflation given in the previous paragraph,
the solution of Eq. (2.22) implies that Fk(τ) and Gk(τ) for τ < −τ1 are given by:
Fk(τ) = fk(τ) =
N√
2k
√−kτH(1)α (−kτ), τ < −τ1 (3.2)
Gk(τ) = gk(τ) = N
√
k
2
√−kτ
[
H
(1)
α−1(−kτ) +
(1− 2α)
2(−kτ) H
(1)
α (−kτ)
]
, τ < −τ1,(3.3)
where H(1)α (−kτ) is the Hankel function of first kind [28] with index α and argument −kτ .
In explicit terms α and N are defined as:
α =
1
2
√√√√1 + 4(2− )(1 + 6ξ)
(1− )2 −
ζ2
(1− )2 , N =
√
pi
2
ei
pi
4
(1+2α), (3.4)
where ζ = m/(aeHe)  1 is the (constant) ratio between the mass and the inflationary
expansion rate while  is the standard slow-roll parameter already introduced after Eq.
(2.9). To lowest order in , the second relation in Eq. (3.4) implies:
α =
3
2
√
1 +
16
3
ξ − ζ
2
9
+
(6− ζ2 + 36ξ)
2
√
9− ζ2 + 48ξ +O(
2), (3.5)
with the proviso that the condition ζ  1 is always verified in practice. For the sake of
simplicity we shall require ξ > −3/16 so that the expansion (3.5) will always be well defined
when ζ is negligible during inflation.
3.2 Massive and relativistic modes
When all the modes are ultrarelativistic (i.e. k  ma) the solutions of Eq. (2.22) in the
radiation epoch are simply plane waves. Moreover, since a′′ = 0 the mode functions are not
affected by the presence of ξ. Over large-scales the contribution of the massive modes is
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comparatively more relevant. The same separation of scales occurs in the minimally coupled
limit where ξ → 0 [17]. The mode functions for τ ≥ −τ1 can be expressed as:
Fk(τ) = µk f˜k(τ) + νk f˜
∗
k (τ), τ ≥ −τ1, (3.6)
Gk(τ) = µk g˜k(τ) + νk g˜
∗
k(τ), τ ≥ −τ1, (3.7)
where f˜k(τ) and g˜k(τ) are solutions of Eq. (2.22) in the radiation-dominated epoch when
the scale factor is given by ar(τ) = [βτ + (β + 1)τ1]/τ1; the explicit expressions of f˜k(τ) and
g˜k(τ) are:
f˜k(τ) =
1
4
√
2γ
ei
pi
8Dσ(eipi4 z), σ = −(ip+ 1/2),
g˜k(τ) =
4
√
2γe3i
pi
8
[
z
2
ei
pi
4 Dσ(eipi4 z)−Dσ+1(eipi4 z)
]
, (3.8)
where Dσ(x) are the parabolic cylinder functions with index σ and argument x [28]. Note
that f˜ ∗k (z) = Dip−1/2(e3ipi/4z)/ 4
√
2γ; the variables z, p and γ appearing in Eq. (3.8) are
defined as:
z =
√
2γ
[
τ +
(β + 1)
β
τ1
]
, p =
k2
2γ
, γ =
ζβ
τ 21
. (3.9)
The phases have been selected in such a way that for z  |p| and for k2τ1  m, f˜k(τ) →√
τ1/(2mτ) exp [−imτ 2/(2τ1)]. In terms of these variables the evolution equation for f˜k can
be written, from Eq. (2.22) as d2f˜k/dz
2 + [p+ z2/4]f˜k = 0.
3.3 Mixing coefficients
The continuous and differentiable transition4 between the inflationary phase and the radi-
ation dominated epoch implies that the expressions of the mode functions given in Eqs.
(3.2)–(3.3) and in Eqs. (3.4)–(3.6) must also be continuous in τ = −τ1. Consequently the
continuity of Fk(τ) and Gk(τ) implies
5:
fk(−τ1) = µkf˜k(−τ1) + νkf˜ ∗k (−τ1),
gk(−τ1) = µkg˜k(−τ1) + νkg˜∗k(−τ1). (3.10)
By solving this system the expression of µk and νk are functions of two dimensionless variables
mτ1 (coinciding with ζ since τ1 ≡ τe) and k τ1. For the sake of accuracy it is appropriate to
4The pump field contains second derivatives of the scale factor. The lack of continuity of the scale factor
and of its first (conformal) time derivative would imply a singularity in a′′. If a and a′ are both continuous
a′′ contains, at most, a discontinuity.
5Note that the Wronskian of the solution must be conserved in the two regimes (i.e. FkG
∗
k − F ∗kGk = i),
we have that |µk|2 − |νk|2 = 1.
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expand µk and νk in the limit ζ  1 (for fixed kτ1). The result of this manipulation is:
µk =
eipi(α+1/4)/2Γ(1/4)
4 β1/4 ζ1/4
[(
α +
1
2
)
H(1)α (kτ1)− kτ1H(1)α+1(kτ1)
]
− i(1 + i)e
ipi(α+1/4)/2Γ(3/4)
2
√
2β3/4
[(
α + β +
1
2
)
H(1)α (kτ1)− kτ1H(1)α+1(kτ1)
]
ζ1/4 +O(ζ5/4),
νk = −e
ipi(α+3/4)/2Γ(1/4)
4 β1/4 ζ1/4
[(
α +
1
2
)
H(1)α (kτ1)− kτ1H(1)α+1(kτ1)
]
+
(1 + i)eipi(α+3/4)/2Γ(3/4)
2
√
2β3/4
[(
α + β +
1
2
)
H(1)α (kτ1)
− kτ1H(1)α+1(kτ1)
]
ζ1/4 +O(ζ5/4). (3.11)
Equation (3.11) can be further expanded in the limit |kτ1|  1 by recalling the small argu-
ment limit of the corresponding Hankel functions [28]. When the modes are ultrarelativistic
mode functions are plane waves and the mixing coefficients have a well known form6.
3.4 Currents and average multiplicities
With the explicit expressions of the mode functions and of the mixing coefficients the charge
and the current density fluctuations can be directly computed from Eq. (2.11). The result
of this calculation can be expressed in rather simple terms:
ρˆ(~x, τ) =
iq
(2pi)3
∫
d3k
∫
d3p
[
Φˆ†−~k(τ) Πˆ
†
−~p(τ)− Φˆ~k(τ) Πˆ~p(τ)
]
, (3.12)
Jˆi(~x, τ) =
q
(2pi)3
∫
d3k
∫
d3p(pi − ki)Φˆ~k(τ)Φˆ†−~p(τ). (3.13)
From Eq. (3.13) we can also easily deduce that
(~∇× ~J)k = −iq ijk
(2pi)3
∫
d3k
∫
d3p (ki + pi) (pj − kj) Φˆ~k(τ)Φˆ†−~p(τ) e−i(
~k+~p)·~x. (3.14)
Using Eqs. (3.12), (3.13) and (3.14) the corresponding correlation functions can be com-
puted. They all involve the expectation values of four field operators. For the present
purposes we shall be particularly interested in the following correlation function7
〈(~∇× ~J)(~x,τ) · (~∇× ~J)(~y,τ)〉 = q
2
(2pi)6
∫ d3k
ωk
∫ d3k ′
ωk ′
[k2k ′ 2 − (~k · ~k ′)2]C(k, k′, τ)e−i(~k+~k′)·~r,
C(k, k′, τ) = |uk(τ)− v∗k(τ)|2 |uk′(τ)− v∗k′(τ)|2. (3.15)
6The mode functions f˜k(τ) are plane waves with argument k[τ+(β+1)τ1/β]. The dependence on ξ drops
also in the relativistic branch of the spectrum during the radiation epoch. The expression of the coefficients
µk and νk are modified and in the case α→ 3/2 they are given by µk = e2ikτ1 [1− i/(kτ1)− 1/(2k2τ21 )] and
νk = 1/(2k
2τ21 ).
7 We note that the current induced by the homogeneous mode of the Higgs vanishes; this is obvious from
Eqs. (3.15) and (3.16). The corresponding magnetic field will also vanish [17].
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Equation (3.15) and its descendants are derived by using the explicit expressions of the field
operators and by evaluating the corresponding expectation values. As remarked in Eqs.
(2.19) and (2.20) the initial state | si〉 is annihilated by aˆ~k(τi) and bˆ~k(τi) and not simply by
aˆ~k(τ) and bˆ~k(τ).
The problem of the regularization of these correlators has been discussed in detail in Ref.
[17] and we shall use here the same computational scheme. Defining the Gaussian window
function W (~x, τ) = exp−[k2L|~x|2/2 + ω2Lτ 2/2] the regularized charge and current density
fluctuations will be given by:
(~∇× ~J )2 = Ω2Lk6L
∫
d3x
∫
d3y
∫
dτ
∫
dτ ′〈(~∇× ~J) · (~∇× ~J)〉W (~x,∆τ)W (~y,∆τ ′),
Q2 = Ω2Lk6L
∫
d3x
∫
d3y
∫
dτ
∫
dτ ′〈ρˆ(~x, τ)ρˆ(~y, τ ′)〉W (~x,∆τ)W (~y,∆τ ′), (3.16)
where ∆τ = (τ − τR) and ∆τ ′ = (τ ′ − τR); the smearing functions select the contribution of
the correlators inside a given space-time region with typical comoving volume V ' 1/k3L and
over a comoving time 1/ΩL; V and ΩL will be chosen in such a way that Ω
−3
L ' V  m−3;
furthermore we shall choose τR ≥ |τ1| where τ1 denotes the inflationary boundary.
We are now going to estimate the average multiplicity of the Higgs inhomogeneities. The
average multiplicity determines the energy density of the produced Higgs quanta (denoted
by ρΦ hereunder) and we have to make sure that the energy density of the Higgs quanta
does not exceed the energy density of the background. If this would happen the Higgs would
cease to be a spectator field; this is not the case and ρΦ is always much smaller than the
background contribution. Indeed, the average multiplicity of the produced Higgs particles
can be computed from Eq. (2.21) by taking into account the asymptotic form of the mode
functions (see Eq. (3.8)) and the results of Eq. (3.11). The final expression for the average
multiplicity and for the energy density can be expressed as8 :
nk ' δ
(
k
aeHe
)−2α
ζ−1/2,
dρΦ
d ln k
' δ mH3e
(
k
aeHe
)3−2α
ζ−1/2
(
ae
a
)3
(3.17)
where δ = O(10−2). In the case of quasi-flat spectrum (i.e. α ' 3/2) up to an irrelevant loga-
rithmic correction the energy density of the massive quanta scales as ρΦ(τ) = δ mH
3
e (a1/a)
3.
Because the energy density of the radiation background redshifts as ρr(τ) ∼ H2eM2P (a1/a)4
we have that ρΦ will eventually exceed ρr at a given time τ2 where a2/a1 ' (He/MP )2ζ. For
instance, in the case m = m0 = O(125) GeV the corresponding expansion rate would be
H2 ' O(10−32)He. This potential constraint is however invalidated since the Higgs conden-
sate decays9 before τ2. The Higgs gets effectively massive at a scale m ' Hos: this equation
8Since the end of inflation coincides with the onset of the radiation epoch we have that, by definition,
|kτ1| = |k/(aeHe)|.
9The Standard Model Higgs could decay perturbatively into quarks, leptons and gauge fields. The
decay channels into weak gauge bosons and top quarks are kinematically blocked. Since the decay rate
is proportional to the square of the fermion mass, the decay into bottom quarks dominate. The non-
perturbative decay is much more efficient [8] and faster than its perturbative counterpart.
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should be viewed as a definition of Hos. Note that m (as already mentioned after Eq. (2.7))
is the effective Higgs mass. Using the results of Ref. [8] we have that Hos ' 0.25λ3/4He. For
λ ' 0.01 this result implies that Hos ' 8× 10−3He and that Hos/Hdec = O(300) where Hdec
denotes the expansion rate at decay (see also [8]). Consequently, since Hdec ' 2.6× 10−5He
we have that H2  Hdec, as anticipated.
The considerations developed so far hold for modes ma > k during the radiation epoch.
The massless modes are only relevant over short wavelengths and their average multiplicity
will be given, approximately, by nk ' δ|k/(aeHe)|−2α. Recalling that dn = nkd3k/(2pi)3 we
have that the total concentration (for simplicity in the case α ' 3/2) will be, approximately,
n = δH3e (ae/a)
3 while their energy density will be, as usual, ρΦ ' δ H4e (ae/a)4.
4 Bounds on the non-minimal coupling
The evolution of the gauge fields across the radiation phase is customarily analyzed by using
the standard kinetic description of the plasma [29] appropriately generalized to conformally
flat backgrounds [30]. While the magnetohydrodynamical treatment is only meaningful for
sufficiently low frequencies, the relaxation of an initial inhomogeneities is a high-frequency
phenomenon involving scales close to the plasma frequency. The regularized charge and
current density fluctuations of Eq. (3.16) serve as the initial conditions of the Einstein-Vlasov
system during the post-inflationary evolution. In this framework the charge fluctuations and
the corresponding electric fields are efficiently dissipated but the magnetic fields are not
suppressed for wavenumbers smaller than the magnetic diffusivity scale kσ '
√
σcH where
σc denotes the conductivity of the post-inflationary plasma. For k < kσ the Einstein-Vlasov
system implies [17] that the comoving magnetic energy density relaxes to10
ρB → T
2
32pi2 α2 n2c
(
~∇× ~J
)2
cos2 θW , (4.1)
where, as already mentioned, the currents have been regularized according to Eq. (3.16);
nc(T ) is concentration of the charged particles with average momentum T and α is the gauge
coupling constant [17] not to be confused with the Hankel index α which depends on , ζ
and ξ (see Eq. (3.4) and discussion thereafter). It should be mentioned that, in the present
treatment, the same information contained in the energy density enters the power spectrum
of the magnetic field.
10The non-screened vector modes of the hypercharge field project on the electromagnetic fields through
the cosine of the Weinberg angle (denoted by cos θW in Eq. (4.1)). Note that the present model of magnetic
field generation has nothing to do with models where the inflaton directly couples with the kinetic term
of the gauge fields [32, 33, 34]. It has been recently shown that these models can be generalized to the
case where the electric and magnetic gauge couplings have different evolutions [35], as it happens in the
relativistic theory of Van der Waals interactions; viable scenarios free of strong coupling problems can be
constructed in this framework.
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A detailed description of the sudden rise of the conductivity across the inflationary tran-
sition may depend on the dynamics of reheating, on the couplings of the inflaton and even
on the protoinflationary initial conditions (see e.g. [16]). The rate of equilibration of the
electromagnetic reactions is however large in comparison with the expansion rate after in-
flation (and may be even bigger than the rate of the inflaton decay). Since the obtained
results depend solely on the density of the charged particles and on their typical momentum,
Eq. (4.1) is expected to be qualitatively applicable also when different species are not in
local thermal equilibrium but only in kinetic equilibrium at different temperatures [17]. In
the simplest physical situation the protoinflationary initial data do not contain any glob-
ally neutral plasma and the number of efolds is minimal or close to minimal (see Eq. (4.8)
and discussion thereafter). A simple model of the conducting transition can be found, for
instance, in [16] (see also Eq. (3.1)):
a(τ) = a1(τ +
√
τ 2 + τ1), σc(τ) =
T
α
θ(τ), θ(τ) =
1
8
(
1 +
τ√
τ 2 + τ 21
)3
. (4.2)
Note that θ(τ) is a smooth representation of the Heaviside step function and σc(τ) is the
conductivity which is of the order of T/α where T is the temperature at the corresponding
epoch. The sudden transition is recovered in the formal limit |τ1| → 0.
Even if accurate analyses of the numerical value of the ratio (σc/T ) have been discussed
[31] the most relevant point is that the conductivity increases linearly with the temperature.
Thus the ratio σc/He determines kσ and can then be explicitly estimated from:
T
He
=
(
135
4pi4Neff
)1/4
(AR)−1/4, (4.3)
where Neff denotes the effective number of spin degrees of freedom (in concrete estimates
we shall always assume Neff = 106.75 , as it happens in the standard model). In the sudden
reheating approximation the plasma right after inflation is in thermal equilibrium at T , up to
small perturbations of the distribution functions leading to charge and current fluctuations.
As the Universe decelerates after inflation the ratio of the conductivity to the Hubble rate
increases. Before proceeding further it is interesting to note that the spectral energy density
(i.e. the energy density per logarithmic interval of wavenumber) coincides with the magnetic
power spectrum. The Fourier transform of the magnetic field intensity obeys
Bi(~x, τ) =
1
(2pi)3/2
∫
d3kBi(~k, τ) e
−i~k·~x,
〈Bi(~k, τ)Bj(~p, τ)〉 = 2pi
2
k3
Pij(kˆ)PB(k, τ)δ
(3)(~k + ~p) (4.4)
where PB(k, τ) is the magnetic power spectrum and Pij(kˆ) = (δij − kˆikˆj) the traceless
projector. Note that PB(k, τ) has dimensions of an energy density. Let us now formally
compute the averaged magnetic energy density; we will have from Eq. (4.4)
ρB =
1
2a4
〈B2〉 = 1
a4
∫ dk
k
PB(k, τ). (4.5)
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Figure 1: The parameter space is projected on four complementary planes at the typical
scale of the protogalactic collapse. The labels appearing on the curves denote the com-
mon logarithms of ΩB. Common logarithms are used on all the axes except for ξ which is
illustrated on a linear scale; kL = 1/Mpc.
where we used Eq. (4.4). Equation (4.5) defines the spectral energy density which we ought
to express in units of the energy density of radiation
ΩB =
1
ρr
dρB
d ln k
≡ PB(k, τ)
a4ρr
, (4.6)
implying that the slope of the spectral energy density coincides with the slope of the magnetic
power spectrum defined according to Eq. (4.5). Since the numerator and the denominator
scale in the same way in Eq. (4.6), ΩB will be approximately constant during the radiation
epoch. During the matter epoch ΩB will still be constant but will not coincide anymore with
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Figure 2: We illustrate the parameter space when kL(aeHe) = ζ which coincides with the
largest wavenumber of the problem. The same notations adopted in Fig. 1 have been
consistently employed; as in Fig. 1, kL = 1/Mpc.
the magnetic energy density in critical units. The results of Eqs. (3.11) and (3.15)–(3.16),
once inserted into Eq. (4.1), determine ΩB through Eq. (4.6):
ΩB(kL, ξ, ζ, ,AR, β) = (AR)7/2 S(α, θW ) T (α, β, , ζ,AR)
(
kL
aeHe
)10−4α( m
MP
)−3
,
T (α, β, , ζ,AR) =
9N
3/2−α
eff
10 β3 α
[
(1− 2α + 2β)2ζΓ2(3/4) + 4(1− 2α)2βΓ2(5/4)
]2
,
S(α, θW ) = 22α−1 5α−3/2 32α−4 pi7/2−2α (6− 4
√
2) Γ4(α) cos2 θW , (4.7)
which is valid for kL/(aeHe) ≤ m/He ≡ ζ. According to Eq. (4.3) ζ  kσ/(aeHe) and
kσ/(aeHe) = O(1). If kL is evaluated at the time of the collapse of the protogalaxy we have
17
instead that:
kL
aeHe
=
kL
H0
e−Nmax , eNmax = (2pi ARΩR0)1/4
(
MP
H0
)1/2(Hr
He
)w−1/2
, (4.8)
where H0 = 2.334× 10−4 (h0/0.7)Mpc−1 is the present value of the Hubble rate and ΩR0 is
the present critical fraction of radiation (in the concordance model h20ΩR0 = 4.15× 10−5).
According to Eq. (4.7) the scale-invariant limit of the spectral energy density is obtained
for α ' 5/2. By definition this will also correspond to the scale-invariant limit of the power
spectrum. This specific value of α correspond to a specific value of ξ. More specifically from
Eq. (3.5) we will have that ξ is determined, approximately, by requiring
3
2
√
1 +
16
3
ξ − ζ
2
9
' 5
2
. (4.9)
But since ζ  1 we will have that the scale-invraint limit α→ 5/2 is achieved when ξ ' 1/3.
As we shall see this value is too large and it is incompatible with the bounds discussed in
Fig. 1 (see in particular the (, ξ) plane).
In Eq. (4.8) Nmax denotes the maximal number of efolds which are today accessible to
our observations [36]: in practice Nmax is determined by fitting the redshifted inflationary
event horizon inside the present Hubble radius H−10 ; the term containing w accounts for
the possibility of a delayed reheating ending at the scale Hr eventually much smaller than
the inflationary curvature scale He. For illustration we shall choose the sudden reheating
approximation by setting w = 1/2 but different possibilities have been considered in the
literature11. In the sudden reheating approximation we have Nmax ' 63.25 + 0.25 ln  which
is numerically close to the minimal number of efolds needed to solve the kinematic problems
of the standard cosmological model. Both in Figs. 1 and 2 we have β = 1. Values β 6= 1
parametrize the deviations from the slow-roll dynamics. This situation might be interesting
in its own right but it is not central to the present discussion12.
According to Eq. (3.4) α = α(, ξ, ζ) so that α is not an independent parameter. The
parameter space is therefore four-dimensional and it involves ξ, , ζ, and AR. The variation
of AR is used to examine the regions where He is artificially low in Planck units (recall,
in this respect, Eqs. (2.8))–(2.9). In principle there could be a further parameter, namely
β. Values β 6= 1 parametrize the deviations from the slow-roll dynamics. This situation
might be interesting in its own right but it is not central to the present discussion. We
shall therefore focus on the situation β = 1 where, incidentally, the term (1 − 2α + 2β) is
11A long postinflationary phase dominated by a stiff equation of state has been examined in the context
of magnetogenesis (see first paper of Ref. [36] and references therein). A delayed reheating has the effect of
increasing Nmax. The largest value of Nmax in the case of a stiff postinflationary phase can be estimated as
Nmax = 78.3 + (1/3) ln .
12The case when  is not constant will have to reproduce the same quantitive features of the constant
epsilon case: since the external background is fixed one can always compute the value of epsilon 50 or 60
efolds before the end of inflation, compute the magnetic field and discuss the various bounds.
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suppressed in Eq. (4.7) for ξ → 0. In Fig. 1 the magnetic energy density in critical units is
illustrated at the typical pivot scale of the protogalactic collapse (i.e. kL = Mpc
−1). Except
for ξ, all the other quantities on the horizontal and vertical axes (i.e. AR,  and ζ) are
reported in terms of the corresponding common logarithms. In Fig. 2 the parameter space
is instead charted for kL/(aeHe) = ζ. It is useful to check, from Figs. 1 and 2, that in the
minimally coupled case (i.e. ξ → 0) the constraints are all automatically satisfied since ΩB
ranges from O(10−80) to O(10−35). The minimally coupled limit of Eq. (4.10) corresponds
to the intercept ξ = 0 in the various plots of Figs. 1 and 2. In the limit ξ → 0, up to
slow-roll corrections, α→ 3/2 and Eq. (4.7) implies:
ΩB ' 1.61× 10−72
(
kL
Mpc−1
)4
cos2 θW
(
m
GeV
)−3
, (4.10)
that coincides with the previous results of Ref. [17] where B2/T 4 ' 10−80 for a typical
mass m = 100 GeV. At the maximal scale kL/(aeHe) = ζ (and in the limit ξ → 0) the
magnetic energy density in critical units is instead given by 6.54 cos2 θW (m/MP )(AR)3/2
which is never overcritical. As previously established in the case ξ → 0 there are practically
no constraints. From the (ξ, ) plane (plot at the top left in Fig. 1) the closure bound
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Figure 3: We illustrate the magnetogenesis constraints in the planes (ξ, ) and (ξ, ζ). The
filled areas denote the allowed regions.
is violated for ξ > O(0.25) and  < O(10−3). The (ξ,AR) plane illustrates, as already
mentioned, the situation where the inflationary scale is artificially lowered as in [9]. The
consistency relations do not necessarily hold in this case but the values of the magnetic
fields are even smaller and there are no constraints on ξ. When charting the (ξ,AR) plane
we set the effective mass to its minimal value which is the most constraining: larger values
of the mass will suppress the magnetic energy density even further. A similar conclusion
emerges from the analysis of the (ξ, ζ) plane.
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If the magnetic energy density is approximately larger than 10−22 nG2 at the scale of
the protogalactic collapse, the observed magnetic fields could be subsequently amplified by
the combined action of the gravitational collapse itself and by the galactic rotation which
transforms the kinetic energy of the plasma into magnetic energy (this is the meaning of the
so-called galactic dynamo [20] which has a long history [18]). The most optimistic estimates
for the required initial conditions are derived by assuming that every rotation of the galaxy
would increase the magnetic field of one efold. The number of galactic rotations since the
collapse of the protogalaxy can be between 30 and 35, leading approximately to a purported
growth of 13 orders of magnitude (see [18] and discussions therein). If the dynamo action
is totally absent the required field should be O(10−2)nG which means ΩB = O(10−10). In
this case during the collapse of the protogalaxy the magnetic field will increase of about 5
orders of magnitude. The shaded regions in Fig. 3 illustrate the interplay between the closure
bounds and the magnetogenesis requirements. The seed field at the onset of the gravitational
collapse must be, at least, as large as 10−15 nG or, more realistically, larger than 10−11 nG.
The simplest way to implement the magnetogenesis requirements is to plot the magnetic
energy density for all the regions where the backreaction constraints are satisfied. The areas
of the parameter space where log ΩB > −25 (or, even more optimistically, log ΩB > −35)
will therefore offer viable models of magnetogenesis.
In Fig. 3 we illustrate the region where the closure bounds are satisfied and ΩB > 10
−25.
In these regions the magnetogenesis requirements are met for 0.2 ≤ ξ < 0.24 and  < 0.01.
The allowed regions of Fig. 3 shrink almost to a point if we enforce the closure bound and
demand, at the scale of the protogalactic collapse, log ΩB > −14. If we impose an even
more demanding constraint (i.e. log ΩB > −11) the allowed regions disappear completely.
If ΩB = O(10−11) the magnetic field of the galaxy could be obtained almost completely by
compressional amplification [18]. Compressional amplification alone is therefore insufficient
and to obtain the observed fields some sort of dynamo action is mandatory, at least in
the present framework. A more detailed account of these themes is beyond the scopes of
this paper but can be found in more comprehensive reviews describing the features of our
magnetized universe [18] (see, in particular, first and second reviews). Note finally that
direct constraints can be obtained from CMB data (see, for instance, [37] for some recent
analyses obtained from the temperature and polarization anisotropies). Indeed, as noticed
over ten years ago, the temperature and the polarization anisotropies of the CMB may be
magnetized since the initial conditions of the scalar modes are affected by the presence of
stochastic magnetic fields [38]. This observation offers the unique opportunity of direct limits
on the large-scale magnetism prior to matter-radiation equality since the large-scale magnetic
fields affect directly the initial conditions of the Einstein-Boltzmann hierarchy. The current
Planck explorer data have been used to set bounds on large-scale magnetic fields coming from
inflation as previoulsy done with the WMAP 3-yr and 9-yr releases (see, respectively, third
and fourth papers of Ref. [38]). The allowed regions of Fig. 3 are abundantly compatible
with the CMB constraints.
20
5 Concluding remarks
We analyzed the parametric amplification of massive Higgs excitations when the coupling to
gravity is non-minimal. In the framework of the Abelian-Higgs model this processes may lead
to overcritical large-scale gauge fields. As a consequence the non-minimal coupling cannot
be too large (i.e. typically ξ ≤ 0.25) when  < O(10−2). When the coupling is either minimal
(i.e. ξ → 0) or conformal (i.e. ξ → −1/6) there are practically no constraints. A global
scan of the parameter space suggests that the large-scale magnetic fields produced when
ξ = O(0.2) turn out to be partially relevant for the problem of primordial magnetogenesis.
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